This paper presents an analysis of static sliding resistance of a rigid sphere on a soft elastic material with axisymmetric waviness. When the sphere is loaded laterally under a fixed normal force, the contact area is subjected to mixed-mode loading. It is shown that, as the lateral loading increases, the decrease in contact area involves unstable jumps; and each unstable jump dissipates mechanical energy. The additional energy dissipation increases the peak force required for gross sliding of the interface compared with that of a flat surface. Thus, a mechanism is proposed for enhanced static sliding resistance on the surface of a soft material owing to surface waviness-induced instabilities. Such an increase in sliding resistance is analogous to a similar increase in the detachment force between a sphere and a wavy surface during normal separation, which was reported elsewhere. The influence of mode-mixity-dependent work of adhesion on the static sliding resistance of a wavy surface is also considered.
Introduction
As researchers work to design and fabricate reversible adhesive systems as effective as the biological attachment systems that have evolved naturally, it has been observed that surface structures which enhance adhesion also significantly enhance sliding resistance. Examples include the polyurethane fibrillar, spatulateterminated structures studied by Kim et al. (2007) , which sustained a 1.25-2.8× higher maximum static friction load than that measured on a flat control surface; the vertically aligned carbon nanotube arrays studied by Ge et al. (2007) , which demonstrated a 6× enhancement in maximum static friction load; the polypropylene fibrillar structures studied by Majidi et al. (2006) , which generated an order of magnitude enhancement in maximum static friction load; and the polydimethylsiloxane (PDMS) fibrillar, film-terminated structures studied by Yao et al. (2008) and Shen et al. (2008a,b) , which showed a 1.8× and 10× enhancement in maximum static friction load, respectively. The energy dissipation mechanisms that enhance the adhesion of such structures are probably responsible for *Author for correspondence (pradeep_guduru@brown.edu).
these concurrent enhancements in static sliding resistance as well. Glassmaker et al. (2007) , Noderer et al. (2007) and Shen et al. (2008a,b) demonstrated that the energy dissipation resulting from crack trapping between fibrils can cause significant adhesion enhancement for film-terminated fibrillar structures. Surfaces containing patterns of incisions (Ghatak et al. 2004; Chung & Chaudhury 2005) or step discontinuities in height (Kendall 1975; Crosby et al. 2005) have also been shown to increase the fracture toughness of adhesive films through energy dissipation. More recent observations of enhanced adhesion and shearing resistance of biologically inspired structures include Glass et al. (2010) , Unver & Sitti (2010) , Murphy et al. (2009) , Nadermann et al. (2010) , Vajpayee et al. (2010) and Shen et al. (2009) . Guduru (2007) , Guduru & Bull (2007) and Waters et al. (2009) showed that energy dissipation also leads to enhanced adhesion for soft elastic wavy surfaces through interface toughening and strengthening. The objective of this paper is to investigate the hypothesis that the mechanisms responsible for the enhanced adhesion of such wavy surfaces would also cause enhanced static sliding resistance. To this end, the behaviour of axisymmetric wavy surfaces subjected to tangential loading in the presence of adhesion is studied by extending the analytical contact mechanics model for pure adhesive normal loading (Waters et al. 2009) , to include mixed normal and tangential loading, similar to the analysis for flat surfaces described in Waters & Guduru (2010) . The goal of this investigation is to better understand the role of surface geometry in energy dissipation mechanisms, by using an idealized wavy geometry as a model system. Alternatively, a plane strain analysis could be performed based on the solution presented in Guduru (2007) ; however, the results are expected to be qualitatively similar. Axisymmetric wavy surfaces are clearly not seen in nature, but have advantages over three-dimensional wavy geometries for modelling purposes. Tangential loading can be readily incorporated into such a model, and the use of an axisymmetric geometry allows the significant body of literature on spherical single asperity adhesion and sliding to be drawn upon. It is also straightforward to include the results of Waters & Guduru (2010) on mode-mixity-dependent work of adhesion in the wavy surface contact model, which allows dissipative effects seen in the contact of soft elastomers or biological materials to be captured. The resulting analytical model predicts that the maximum static sliding resistance is amplified for a rigid spherical indenter in contact with a soft wavy surface, and the enhancement can be mapped for a range of geometries and material properties using the dimensionless parameters introduced in Waters et al. (2009) . Geometry-induced energy dissipation is seen to result from unstable jumps in contact area during displacement-controlled lateral sliding of the wavy surface. Including modemixity-dependent work of adhesion in the model leads to an even higher prediction for sliding resistance.
The paper is organized as follows. In §2, a model is presented for the combined normal/tangential loading of an elastic axisymmetric wavy surface in contact with a rigid spherical punch, and essential dimensionless parameters for the problem are introduced. In §3, results for the evolution of contact area and lateral displacement with applied tangential loading, the enhancement in static sliding resistance for a range of wavy surface geometries and the effect of a mode-mixity-dependent work of adhesion are discussed. Figure 1 . Geometry of the contact problem. A wavy surface with wavelength l and amplitude A is indented by a rigid sphere of radius R under applied normal load P and tangential load T . Amplitude and wavelength are exaggerated in this diagram for visual clarity; in this model, l R so that contact with multiple peaks is achieved.
Axisymmetric wavy surface contact under combined normal and tangential loading (a) Contact model
In the following analysis, contact between the axisymmetric wavy surface of an elastic half-space and a rigid spherical indenter subjected to both normal and tangential loading in the presence of adhesion is modelled by building on the solutions presented by Waters et al. (2009) , Waters & Guduru (2010) and Johnson (1997) . The key assumptions are that complete contact is achieved within the contact area between the sphere and the wavy surface during loading; the normal and tangential tractions are uncoupled; and that slip is negligible within the contact area. The geometry of the wavy surface contact problem is shown in figure 1 , where the profile of the rigid sphere of radius R is approximated by the paraboloid 1) and the height of the wavy surface is described as a sinusoidal function of the radial coordinate r,
where A and l are the amplitude and wavelength of waviness, respectively. When A > 0, the surface is convex up at r = 0; when A < 0, the surface is centrally concave. In this model, it is assumed l R so that the initial contact area consists of multiple wavelengths. From Waters et al. (2009) , the relationship between the applied normal load P and contact radius a for the axisymmetric wavy surface contact problem in the presence of Johnson-Kendall-Roberts (JKR) adhesion (Johnson et al. 1971 ) is
where w is the work of adhesion and the Hertz contact load P 1 (a) for the wavy surface is
Here, E * = E/(1 − n 2 ) is the plane strain modulus of the elastic solid, where E is the elastic modulus, n is Poisson's ratio and H n (·) is the Struve function of order n (see Abramowitz & Stegun 1965) . (Note that equation (2.4) reduces to the Hertz solution for a sphere in contact with a flat half-space, P 1 = 4E * a 3 /(3R), when A = 0.) The normal contact pressure p(r) for this geometry is given by
where p 1 (r) is given by
The mode I stress intensity factor at the contact boundary, following Maugis & Barquins (1978) , is defined as
It is assumed that the amplitude of surface waviness is sufficiently small (compared with the wavelength) such that the tangential traction distribution q(r) within the area of contact can be approximated as being the same as that for a sphere in no-slip contact with a flat half-space, given by Johnson (1985) as
where T is the applied tangential force. The assumption also enables superposition of the elasticity solutions owing to normal loading and tangential loading. In order to relate the critical tangential force to the applied normal force and the work of adhesion, we follow the general procedure of Johnson (1997) . From equation (2.8), the modes II and III stress intensity factors around the contact edge can be written as
where q is the angle between the radius vector and the direction of T . The energy release rate along the contact periphery can then be expressed as
To remove the cumbersome q dependence of the above equation, averaging the stress intensity factors around the periphery of the contact area results in the expression
with effective stress intensity factor
To find a relation between the contact radius a and the applied loads P and T , the energy release rate is set equal to the work of adhesion. Setting G = w and combining equations (2.7), (2.11) and (2.12) results in the solution
If the applied normal load P is held constant during the tangential loading, equation (2.13) can be rearranged to obtain an expression for the relationship between tangential load and contact radius,
where P 1 is dependent upon a through equation (2.4). A similar expression was obtained by Savkoor & Briggs (1977) in an analysis of the effect of tangential force on the contact of elastic solids in adhesion by minimizing the total potential energy under the combined action of normal and tangential loads. Since their procedure did not involve mode averaging around the periphery, their expression did not contain the Poisson ratio term in equation (2.14). Finally, the uniform lateral tangential shift of the two contacting bodies, with negligible slip on the contact area, is given by Mindlin (1949) as
assuming once again that this classical tangential loading result for a sphere on a flat surface gives a close approximation for the case of small amplitude surface waviness. Equations (2.14) and (2.15) together provide relationships between the tangential load T , contact radius a and lateral shift d for a known normal load P.
(b) Mode-mixity-dependent work of adhesion
For the case of pure normal loading presented in Waters et al. (2009) , it was assumed that the work of adhesion w remained constant during the detachment process. However, as discussed in Waters & Guduru (2010) , experimental evidence shows that, under combined normal and tangential loading, w is strongly dependent upon mode mixity for materials with interfacial dissipation during contact, such as viscoelastic materials. Hence, it is desirable to allow w to be dependent upon mode mixity so as to capture some aspects of viscoelastic behaviour within this wavy surface contact model. To incorporate the experimental measurements of w from Waters & Guduru (2010) , parametrization similar to that of Hutchinson & Suo (1992) is used to express the mode-mixitydependent work of adhesion as
where w 0 is the work of adhesion for pure mode I loading and j is the phase angle of mode mixity, defined as
The parameter L in equation (2.16) determines the influence of mode mixity, and is bounded by 0 ≤ L ≤ 1. If L = 1, w(j) = w 0 for all j, which is the classical surface energy criterion. If L = 0, the crack is fully shielded from any effects of mode II and crack advance depends only upon the mode I component. Hence, the L = 0 case is often referred to as being K II independent. This can be seen by noting that, when equations (2.16) and (2.17) are substituted into equation (2.11), K II drops out of the resulting fracture criterion, leaving behind K I only.
(c) Dimensionless parametrization
The following non-dimensional parameters are introduced to represent the above results in a more useful form:
where a represents the degree of surface waviness; larger values of a correspond to surfaces with high-amplitude, short wavelength waviness, whereas smaller values of a correspond to surfaces with shallow, long wavelength waviness. b provides a measure of the relative stiffness of the material with respect to its surface energy; small b values correspond to more compliant materials where surface energy effects are more dominant, whereas large b values correspond to stiffer materials where surface energy is less dominant. In addition to a and b, the dimensionless loads, contact radius and lateral displacement are defined as 19) respectively. Substituting equations (2.18) and (2.19) into equations (2.14) and (2.15) and using n = 0.5 for an incompressible material, the following expressions for dimensionless tangential loadT and lateral shiftd are obtained:
21)
is defined as in equation (2.16), and from equations (2.7), (2.12) and (2.17), the phase angle can be expressed as 
Results and discussion

(a) Enhancement of static sliding resistance for constant work of adhesion
Before investigating the enhancement in static sliding resistance predicted by the axisymmetric wavy surface contact model, it is helpful to examine an example contact problem for a specific geometry for the classical surface energy criterion case, i.e. L = 1 and w = w 0 . Figure 2a shows the variation of normal loadP with normal displacementD for b = 0.1, computed using the results in §2. The a = 0 curve corresponds to the case of a sphere in contact with a flat surface, which is shown for reference, whereas the a = 0.2 case corresponds to a wavy geometry. Before applying a tangential load, the normal displacement of the sphere is controlled so that the surface is loaded in net compression and then unloaded to a specific value ofP and held fixed there, as illustrated by the arrows in figure 2a. In the specific case shown in figure 2, unloading is stopped whenP = 0, and it is held constant during the subsequent tangential loading. Figure 2b shows the correspondingP-ā plot for the normal loading; the value ofā whenP = 0 becomes the initial contact radius for the tangential loading that follows. Figure 2c shows the relation between the applied tangential loadT and the corresponding lateral shiftd. First consider the flat surface case, which is similar to that described by Savkoor & Briggs (1977) , Savkoor (1987) and Johnson (1997) . Asd increases,T increases monotonically, until a maximum is reached (point A), beyond which it begins to decrease. In a load-controlled experiment, the point A represents the maximum static sliding resistance, where spontaneous detachment takes place. In a displacement-controlled experiment, detachment occurs at B, where the tangent is vertical. Now, consider the case of sliding a sphere on a wavy surface in a displacement-controlled experiment; in figure 2c , at point C, further increase ind results in a spontaneous drop in the load to point D, which is the next available equilibrium position, and a corresponding drop in the contact radius as shown in figure 2d . Subsequent increase ind takes T to point F, where it experiences the next unstable drop. Thus, sliding takes place in a series of unstable drops inT andā. Each unstable drop inT dissipates mechanical energy; in figure 2c, the energy dissipation during the C-D jump is the shaded area next to it. Hence, the geometry-induced instabilities during sliding on a wavy surface result in greater energy dissipation than that for a flat surface. This phenomenon is analogous to similar instabilities reported in Guduru (2007) and Waters et al. (2009) during normal detachment from a wavy surface. Further, note that, as a consequence of the additional energy dissipation, the maximum sliding resistance for the wavy surface, i.e. the tangential load at point C, is greater than that for a flat surface, point A. Thus, the geometry-induced instabilities enhance the static sliding resistance, which is again analogous to a similar increase in the detachment force discussed in Guduru (2007) and Waters et al. (2009) . The magnitude of the enhancement depends on the non-dimensional parameters a and b, and is measured by the variablê
At the maximum attainable value ofd (point F in figure 2c), the limit of static equilibrium is reached. Beyond F, the portions of the equilibrium curves corresponding to smaller values ofā are inaccessible. For compressive normal loading (P > 0), the system transitions to full sliding and a no-slip model no longer applies. For tensile normal loading (P < 0), sliding is not permissible and separation occurs. The specific details of slip transition are outside the scope of this model. The experimental results of Waters & Guduru (2010) indicate that the no-slip approximation is reasonable until a phase angle of j ≈ 60 • for flat PDMS, which was found to have a mode-mixity parameter L = 0.15. They also showed that, for increased tangential loading, the contact area no longer remains circular; however, the maximum tangential load sustainable by the contact interface prior to initiation of a slip event was always underpredicted by the model, by as much as 50 per cent. Hence, the present analytical model for wavy surfaces is also expected to underpredict the maximum static sliding resistance. The model presented here is intended to highlight the role of surface waviness in enhancing the sliding resistance, rather than provide a precise predictive tool that captures all the details of interfacial slip.
The effect of a and b on the model predictions is illustrated in figure 3 , which showsT -d andT -ā plots forP = 0, b = 0.1, and four values of a. For the a = 0 case (flat surface), the curves are continuous and smooth. For the a = 0.1 case, the curves are still continuous but feature folds which, as noted above, cause energy dissipation during tangential loading. For a = 0.3 and 0.5, not only are the folds sharper (indicating greaterT max ), but theT -ā curves are no longer continuous; there are ranges ofā for which no equilibrium load can be supported.
From a series of plots such as those shown in figure 3, the enhancement in peak static friction loadT can be mapped for the parameters a and b. Figure 4a shows howT varies with a whenP = 0 for b = 0.1, 0.5 and 1. Kinks in the data curves occur at points whereT -ā orT -d solutions have a transition from being continuous to having a discontinuity. For most combinations of a and b,T increases with increasing |a|, or higher amplitude, shorter wavelength surfaces. Also, in most cases,T increases with b for a fixed a. Although figure 4 suggests that T max will continue to increase with a, in practice the maximum enhancement in static sliding resistance would be limited by the condition that the waviness must be shallow enough for complete contact to be maintained between the wavy surface and the rigid indenter, while, at the same time, l must be small enough so that the wavy contact problem does not resemble single-asperity contact. For higher values of a (i.e. as the waviness gets deeper), even for P = 0 or P > 0, the normal stress at the troughs of the wavy interface can be tensile and exceed the interface strength, resulting in local interface detachment. This results in discontinuous contact (i.e. partial contacts of the wavy crests), for which case the model presented is not applicable. The ever increasing T max with a is an artefact of linear elastic fracture mechanics, which does not consider the interface strength in the fracture criterion. A more detailed discussion of the limiting value of a is presented elsewhere (Guduru 2007; Waters & Guduru 2010; Waters et al. 2010) . A range of validity of a for a particular material pair (PDMS and polycarbonate) can be obtained by considering the experimental data of Guduru & Bull (2007) , who investigated wavy surface adhesion. From table 1 of their work, the maximum value of a they employed was 1.25, which sets a lower bound in order to maintain full contact for their material system, which also extends to the results shown in figure 4 . Figure 4b shows the effect of the normal loadP onT for b = 1; plots are shown forP = −1, 0 and 1. As before, for most combinations,T increases with increasing |a|.T also tends to increase for decreasingP. Physically, this means that a wavy surface is predicted to enhance static sliding resistance more significantly under tensile normal loading than under compressive loading. The asymmetry of the shape of the plots with respect to the sign of a (i.e. the sign of A) is primarily an artefact of higher values of b, which implies that there are only a few waves in the contact area. The sign of A (i.e. the half-space is concave or convex at r = 0) makes a significant difference only when the number of waves in the contact area is small, fewer than five for instance. When the number of waves in the contact area is large, i.e. small values of b, the asymmetry gets smaller, as indicated by the b = 0.1 case in figure 4a . The main conclusion from the foregoing analysis is that the waviness-induced instabilities enhance the lateral sliding resistance, just as they tend to increase the adhesion strength during normal separation. Depending on the non-dimensional parameter values, the enhancement can be several times that corresponding to the flat surface. Hence, we propose that it is a mechanism for increase in sliding resistance for rough elastomeric surfaces.
(b) Enhancement of static sliding resistance for mode-mixity-dependent work of adhesion
Introducing mode-mixity dependence into the work of adhesion has significant consequences for the predicted peak tangential static loading. Increasing the influence of mode mixity upon the work of adhesion by decreasing L in equation (2.16) has the effect of expanding theT −d andT −ā envelopes, significantly raising the maximum sustainable tangential force, as expected. Figure 6 shows the effect of changing L on the equilibrium solution curves for a wavy surface, for a = 0.3. Again, decreasing L is seen to expand the solution envelopes and significantly amplify the peak tangential loads, enhancing static sliding resistance. Decreasing L, therefore, also increases the amount of available energy to be dissipated during unstable jumps inT under displacement-controlled loading, further toughening the contact interface. The strong influence of the parameter L upon the peak sustainable tangential loadT max for the representative caseP − 0, b = 1 is shown in figure 7a . As L → 0, T max rises sharply. When L = 0,T max → ∞ for both the wavy and flat surface cases, as w → ∞ for j = 90
• . The predicted enhancement in static frictionT for the wavy surface is shown in figure 7b for L > 0. At the limit L = 1 (w = w 0 ), increasing a generates enhancement in static sliding resistance through geometry alone, as discussed in §3a and illustrated in figure 4. However, for lower values of L, additional enhancement in sliding resistance is seen, which is above and beyond the waviness effect. Decreasing L corresponds to increasing the effective energy dissipation in the model. The experimental results of Waters & Guduru (2010) for a rigid sphere subjected to combined normal and tangential loading on a flat PDMS surface indicated that L = 0.15 provided a good fit to the measured work of adhesion. For this L, the predictedT seen for the range of a presented in figure 7b forT = 0, b = 1 falls into the range of peak static friction load enhancement reported by other researchers (up to a factor of 4), as discussed in §1. For example, consider the case of a = 0.2, a rigid sphere of radius 5 mm in contact with an axisymmetric wavy PDMS surface with E * = 1 MPa, w 0 = 50 mJ m −2 , l = 0.2 mm and A = 1.6 mm; the predicted enhancement in maximum static friction load would be two times that of a flat surface. In short, these results indicate that significant enhancement in static sliding resistance is attainable through the introduction of surface waviness, and the peak static friction loads are further enhanced for interfaces with mode-mixity-dependent work of adhesion. Rand & Crosby (2009) recently carried out an experimental investigation of friction of wrinkled elastomers, in which they prepared elastomeric surfaces with parallel wrinkles and measured the sliding resistance parallel and perpendicular to the wrinkles and compared it with that of a reference flat surface. Their results indicated that the surface showed least frictional resistance when the sliding direction was normal to the wrinkles. However, in their experiments, only the wrinkle crests were in contact with the sliding glass sphere. Since the solution used in this paper (equations (2.3)-(2.8)) is based on full contact over a circular area of radius a, the model presented here is not applicable to interpret their results. A separate model that considers partial contact with multiple crests and considers the equilibrium of each of the many crack tips needs to be developed to analyse experiments similar to those of Rand & Crosby (2009) . However, in their experiments, reducing the wrinkle amplitude and applying initial compression in their experiments will ensure full initial contact over a central region, which will present an opportunity to examine the predictions of the model presented here.
Summary
A possible mechanism is proposed for enhancement in static sliding resistance owing to surface waviness-induced instabilities in soft materials. In order to quantify the proposed mechanism, a model is presented for an axisymmetric wavy surface in contact with a rigid sphere subjected to combined normal and tangential loading in the presence of JKR adhesion. Wavy surfaces are expected to increase the maximum sustainable static sliding resistance by strengthening the interface via higher peak sustainable tangential loads, as well as toughening the interface through energy dissipation. Enhancements in detachment strength and toughness owing to surface waviness were demonstrated by Guduru (2007) and Waters et al. (2009) ; this paper extends these results to tangential sliding. A mode-mixity-dependent work of adhesion was used to predict the static sliding resistance of viscoelastic elastomers or biological materials, as indicated by the experimental results presented in Waters & Guduru (2010) . When the work of adhesion increases with the degree of mode mixity, the maximum static friction loads are predicted to surpass those sustained by the wavy geometry when the work of adhesion remains constant. Thus, the combination of geometry and dissipative materials allows significant enhancement in static sliding to be achieved. Important future work includes experimental verification of the model predictions and extending the analysis to three-dimensional surface roughness.
